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February 13, 1945

SUSsted Servo Control. System for bumbleee
- -with Prelimnar feortical-r,,,lYsis.'

-' ..'eneral )lan, is described --Por a servo -systomn ,%hich
a ut ome t i alv staullizes thb Quxola~ee about the roll, yaw,
and pitch axes and streors it fin elevation and trr-verse-. A
scdhem atid dir~amn of -a raeprsent'- "ivo slistemf is shown in
?itmure 1;

734 uations are -written ~ocri~tivr. stabilization and
steerinih res3--onsz; based upon assmmn)tions- reprardimz the action
of. the Vsr--ous- co1Umoflefts-.- Gener'al assumtiams arec,

A4 The response of the 1x'.hol6 system,, an. eaich
part in po,?rticiilar, is linear.

B, -backla~hq dead~ spaco, noise inj the radar sig-
nal, leakae, and- dr-y friction arc no-giliole.

C.'-The resoonso of the 'bee about any one of the
~three a xes is indenondent of its rosnonsa about
the other two.

So-%'(. of the zonersl -conclusions arr,*vod -.qt arec

a:* It ap-.cqpts that a stabilization-steetinv syrs-
tv using? -tvo frcee,, gyros mpay oo possibla.
-This will de7pend. upon the aoility of the roll
systom to sto the spin. Otherwise a rate ;yro
c onnc at e d fn r.cris w ith-t roll. f rco gyro
MaVD~ 2cssrT
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b. Stability of the stabilization-stebring sys-
tem can be adjusted by feeding back to the
error signal an anti-hunt Signal proportional
to the- dispacement of the control surfaces.

c. The steady state stabilization about the three
independent axes With no steering signal is
theoretically perfect,.

d. For a missile which is aerodynamically st9ble
Nabout the pitch and yaw axcs, the response to

a constant steering signal is a constant per-
centage of that signal.

e.. For a mis~sile -which has neutral stability about
the yaw (or pitch), axis, the respoQnse to a
constant steering signal is perfect.

f. The over-all stability of the control system
depends heavily "upon:

i) The static stability coefficient of
the missile,.

ii) The damping constant of the missile,

iii) The feedback coefficient.,

and to some extent upon all the other par-
ameterst of the system.

g. The constant, velocity lag during steering of
-the simplest- system can be eliminated theoret-
idally by the addition of inJtegral error con-
trol on the ground or in the bee.

h. Formulas for the amplitude- ratio of the bumble-
bee response to sinusoidal target motions (or
radar errors)-are given, but numerical calcula-
tions have not been made because of' the lack of
inforiation on the expected range of the
parameters.
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i. The feedback in the stabilization system can
-be adjusted to moke the -Staoilization system
stable even when the static stability cbeffi-
cient X 2 of the missile is negative. It is not
evident that the corresponding st3tement holds
for the over)ll steeringstabilitation system.

I: 3TABILIZATION SY3T.M,:

2. Oenera1lPlan for ,3tabilization. -- A zeneral 'lan for
stabilizinp the bee about the three axes is proposed. The
system, is similar to the Sperry :utomatic Pilot. As visual-
ized at present it will -operate for roll axis staoilization
* somewhat as follows:

Roll ,Axis Stabilization. -- A free gyro is mounted with
the axis of -the outer-.iimbal parallel to the center line of
the bee . Upon launching,. the zyro is uncaged so that the spin
axis is vertical. .my rotation about the axis of symmetry
will induce an error signal, such as a pressure difference,
in the pneumatic pickoffs-. The difference in pressure oper-
ates a diaphragm attached to a balanced oil valve restrained
by a sprihg which makes it, seek a neutral Dosition. As the
valve is opened and blosed, oil, under pressure, flows into
a- piston whose displacement moves .the control surfaces on the
bee. 'it the same time it feeds back a signal on the pickoffs
to decrease .the error signal,. This feedback is used to make
the System stable. The action of the aerodynamic forces on-
the control surfaces. causes the bee to rotate about its roll,
axis in a °direction opposite to that of the error signal.

3inco this is ta pneumatic-hydroulic vechanical system, the
need fQr sources of electrical power is eliminated. Of course,
if -a generator is inst-alled. to furnish an electrical supply for
thA electronic -cquipment, it might be possible to- replace the
pneunimatic pidkoff with an electrical one. The Dower for the
hyrdraulic servo has besn thought of as )ressure generated
in a tan!, bi, chemical action such -as that of slow burning

-ains I Of~-~--



IV

cordite. It may be found that an air turbine can be used for
power without additional cost in rag; howevor1 the problem of
gearin down te high speed would probably be insurmountable.
If the hydraulic servo is used,: it seems desirable to build
a system which will not waste the oil frov. the s6,rvo but will
recirculate it. The decision as to whether or not it is cheap-
er to build the additional oil pump rather than to waste oil
dePends' won the amount of oil required if hot circulated:.
One aim in the design sh*ould be to make it, possible to set
the controls in a fixed position without losing oil.

Yaw and Pitch Stabilizat.ton- 3stm -- Thy combination
stabiiti syste-- for yaw andi'itch will be like that for
roll with the followinr additions. A different free ;yro will
be used, which must be equipped with pickoffs indicating er a-
rors about both tho yaw and pitch axes. Furthermore , a gyr

precessing mechanis-, assumed now to ce an gir source, will
be needed for steering; Radar error signals will control the
precession either (a) automatically from the missile, or (b)
from- the ground, The combination of pickoffs, -recessinp.
mechanism, and feedback mechanisms on the pitch-yaw gyro
seems to be the most -cominlicated -art of tho control servo
mechanism.

3; 3chematic Dia, ram of the Control ServOs. -- -The diagram
of Fie. 1 is a schbematic Fepresent tonft - tho syste, for
servo control about the yaw or nitch axis. -iox (I) may be
spoken of as the stabilization part and box (II) the steering
part of the system; ThO roll stabilization .system niay be rep-
resented by another box lil-C (-I).

4. Equations of -Components of the Sta.bilization Av3st m. --

Equations ronrosenting the performance of each part of the
system in (i) of Figure 1 will now be written under the
following assumptions:

. The whole system, as well as esch of parts,
is linear,.

Thl document totin nf, i o a erense

akibn~ et so
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3B. iacklash, dead space, leakage,, -radar noise,
q nd dry friction are negligiblo.

C. Control about the three axes is- mutually in-
dependent.

Equations of Performance of Copponents.

(2) A. - c% - C4  ) PICKOFF

(3)' (Jip2 + Fip + yl)# = 05KI X VALVE

(4) p v -i C6 6 HYDRAULIC PISTON

(5) = v CONTROL SU..M.C.S

( 6) (J2p + Fpp + K2 )" , "c8',. MISSILE RESPONSE

where

S- angular displacement of gyro spin axis
measured from a fixed zero position.

TTi " angular d isplacement, of bee (and gyro case),
from same zero as used for

~ ~ - angular error between the "ca-se axis

and'. the spin axis.

: ' % =displacement of' pickoff from neutral1 position.

- displacement of corntrol surface from neutral
posititon •.

C3 displacemsnt of .netmatic pickQff per unit
error signal without -feedback.

C4 proportionality feed back constant-.

J -mass of valve.,

F1 = coefficient of viscous friction of valve.

4 • 6A~UMvnt Containa nforroatilnaf ,

C"' 
_ ____



K 1 -srini~ VI'F

KI = vspring constant of restraining spring on the
valve.

4 w'linear displaceiont of valve .

05 displacement of valve ber unit displacement
of pickoff.

p d * differential operator.

0 displacenent of 'hydraul~ic piston measured
from the -neutral position.

0€ - velocity of piston per unit displacement of
valve.

C7 - displacement of control surface per unit dis- 4

placement of the piston.
IT = moment Of inertia of missile about its axis

IIof Jsnonso.

F,-= the damping constant of the missile.

K2 - missile static stability 'constant-.

rdtatidnal torque on the missile per radian'disolacement of the control surface-.

Equation '(6) with K2 7 0 implies 6erodynemic stability
of the nisSile about the appropriate axis. In other words,
the missile is effectively spring-restrained about the axis,
the anuglar 1osition of' the missile in which the spring, exerts
no Of'ce being the stable positioni The angles n and E are
bott messured from the fixed staole position. During free
fr qht (no st-eerinz signal) the s-in axis of the' free gyro
will be so alignod that w O Q. The flight of the missile
will be controlled uy precossina the azis. of the free gyro
away from. the fixed zero position.

ga



VII.

5. Euations for the Stabilization 3vsten. -- A single
equation relatini the nlar i ce..ent of the bee to that
of the ,yro axis may be ootained by eliminating , , A',
y, and.% fromequations '(1)-f6).

The resulting- differentia-i equation is

where~ ~~ Flp2 + Kio + (jU~ 2 + ~ 2~
(7) l+ l p2 FP Y2) l

where,

CS
(') 4 - C7 6C5C403  80 u OC 7C6 C3C3 - .

It -will now be asmumed that the mass of the valve Tl
and the. coefficient of viscous friction Fl on the -valve
are neigi-ible. If this assumption Should turn out to oe
incor-reot; the following results will be only apiroximate.
Thus,, setting Jl I Fl = 0 in (7) and dividing both sides by
KI., the equation oetween rt -and 9 reduces to

(9) 2P + (sF2 + AJ 2 )p2  (K2 + AF2)P + ('K2 + i)" =16

In order that the solution- of (9) be stable it is
necessary and sufficient that

A7. dl coefficients on the right -side 'of (9);
be positive, and

X31 (F2 + AJ,2).(K2 + AF2) >J2(AK.2 t.6 ).

This stability inequality cdn be sfimplified to,

(10) A2
2 J 2 + AF2 2 + y• > 2

The feedback coefficient 34 is n factor of A; therefore,
theoretically the feedback can-be increased sufficiently to
satisfy ('10)' and make *the system stable.. !-fajor factors deter-
minin, the Value of A to: give stability are T2tF2, and' KIp,
all of which re-resent nerodynamical *.ropertie<s of the .bee,
and none of which are known. Actuallv J2, F2 , and Yp will be

-'5
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chosen and then A will be adjusted to make the system stable
when the controls are acting.

If 'J2, K2 , F 2 and the constant B = 07C70605%3 are such
that F Z 2 > J2B, the system will be stable without feedback.

. Stabilization yhen the. 'Wro Snin . xis is Aligned so
that-t-0.-- Assuzfinp- that the bee as stable about the
exis'ufide-consideration (roll, pitch, or yaw),, and that the
axis of -the ,corresponding free- agyro is alig-ned with the sta-
ble nosition of the missile, the res-:onse of the bee to an
an ular dislace-ment rr fro-i the stabie position is described
by equation (.9)'with 0 = C. The solution of the equation
is then

(11) n - DleXlt + DpeX2t + D3eX t

where Dl. D2, D3 are constants de.?ending on the initial
cnditions and xl, X2 , x? -are the three roots of the cubic
equation

(12) J 2x3 + (F2 + AJ2 )'x2 + (Y.2 + AF 2 )x + .-V'2 +- B) = O.

If the coefficients of (1-2) are all positive and in-
equality (10) is satisfied, the real parts of the roots
x, x 2 , x3 will be nemative; hence, the solution (11) will
contain only transient terms and the bee will return to its
stable position rr = 0:

7-. .3tabilization in Yaw or -itch when = o (a constant).
_-- a-stin the aboiit fi-J''x-l-s--ner

* consideration, but now assumina that the axis- of the corres-
pondinl free g:7ro is at an--nle Eo with the stable position
,Of the, missile, the r:.s .,onse of the bee to an. angular dis'lace-
ment n from the stable position is described by e quation (9)
with E = o The stoady state solution of this equation is

UU
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(13) Ix

and the transient solution is ven bv (ii) . The stability
criteria are unchanged.-

It follows from equation (13) that the bee returns to
a Dosition whi-h is between the stable position and te no-
sition of the gyro axis. The missile attempts to return to
the position of the gyro axis, but is prevented- because it
is effectively spring-restrained about the stable position.

If the bee is neutrally stable.., tha.,t is Y2 =0, equa-
tion (13) -reduces to TT = o. In this case the missile

actually does return to the position of the Pyro axis..

Si Rate-vro for additional Roll Stabilization. -- If the
roll stabilization syste7i violates the asslmpTon of linear-
ity violently due to the high angular velocitv at launching
so that the analyses do not anplY, it is possible that the
free gyro control alone will not stop the spinning. in such
a case it .mri-ht still be possible to add a rate T.ro wilh
its input axis alona the roll axis, aS has been suggested by
various :eople. The output of this g.yro could be fed into
the error signal channel with the possible elimination of
the feodback link on the free gyro. In this combination
system, the free gyro would be used to furnish the error sig-
nal and the rate gyro to furnish the derivative of the error
signal.

~ Thru~hot this rqport itf is iasumd 5ththebei

either stable or neutrally stable about each of the three
axes. its stated elsewhere, it might develop that a higher
degroe of maneuverability can be obtained if the missile is
made slightlv- unstable, that is, if K2 is negative. Lll of
the equations of this reort hold equally well for K2 nega-
tive, but the conclusions regarding stability must be re-
vised The over-all sta:bility of the system is a strong
function of J29 F2 , K2 and a whose values are still unknown.

-- a.-VIP .
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9-. ECoattons fCm ents~ofElevation Stearing _Mechanism. -

Fiur 1te ini7tst~7J57S fff-T1Y4111 o-bere s

The radar iaqiipmnent on the ground nill f otn a siqna1
ivhich is the difference between the eleva, ion of the. terg,,et
and'the ' levation,,'of the Missile-. This error signal will be
delayed by an RO circuit in. the T and, E scone to Pive sm-ooth-
lng. - The smnoothed~ error signal then Will acot in the bee
through a, T)neUMet4LC Drecessor to change the direction of the
sp-.in axis of- the pitcoh-yaw gyro

'The equations of perforzmancc of the various parts of the
steering moochani sm in F'igure 1 inay be written as- follows.:

(14) 0 3IqlZ

(15) .(T P + 1) -Y- /3 RGO DFI LY

(16)- 6 C 1  PkrlT-,MAIIC COITTOL ViLWIS DTI__171 I

('17.) pg =, 026 spy maI~ Di:3?LkCIzt-o

(18) pax - -Cqprr PAT,7H Rt3PONSE

Q =the o~cvation of the target 'in fixed snaco.

a =th.e elevation oP th missile in f ixed- s'oace.

~~~ =e the difference in olovation of the tergat
and misalle.

V= the timne constant of the~ RC delay circuit.

V= the szobth otnut error sianal.

=the prede ssing fodrce on the s-pin axis of the gyro'.

=, the force on- the ,,,Yro spoin taxis crunit smoothed
*error si,(znal.-

-u aoumn cotis n ao
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C2 = velocity of spin axis precession per unit applied

force.

C- rate of change of the elevation of thie missile,
per unit aniular velocity -of the missile about,
its pitch axis.

The first four of the set of equations (14)-(18) repro-
sent the mannor in which the error signal from the ground, ra-
dar is used to orccess the gyro spin axis, thereby setting a

- new course. dhen this spin axis has- been orecessed through
the angle E, an error aignal appoars in the stabilizatioh
system, causing the missile to respond as described in the
previous paraaraphs on sta-i4lization. The change in orienta .
tion of the missile causes a chance in its oath and in its
elevation, thus reducirg the error signal at the radari
This change in oath elei nt!on due to ch~inge in izssile orien-
tation is doscribedby equation (18).

Assumptions -.), ), and C) of section 4 have been car-
ried over and applv to the steornn;' systeri. The actual re-
lation between a and fT is not that given. by equation (18)
but rather

(19) -P =D + ,-2

where

:Z = rane of the missile,

and = range rate of the missile.
R

&iuation (19) is linear, but the coefficient varies
with time. In order to simalify the mathematical tnalysis,
the ap-nroximate relation (18) is used in -ace of- (-19). Tests
may showi that rano influences stability of the missile, but
the present analysis will not uicover this effect because (-19-)
ha-s been rcplaced by (18), If stability does happen- to de-
crease With range, mi-ght be possible to vary the wheel
spe-ds of the 1yro: o adjust for the difference.

M 
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10. Steerina Control about Pitch- Axis - No Intearal Control.--
hen The var ab l n _,1 -(- - -nd v

are eliminated fro.- equations i n(14).(18) inclusive,
and F, and J have been replaced by 0, thz eqjuation qf the
response ,of hhe m issile becomes

(20) +J2 p" +(CJ 2 + 2 J2)p 4 +Y 2 + IVF 2 + F2 + 3+

2 + Td + K2 + ;I 2 )p2  
2 + -+ BC]2Cli]a

C9 C2 CiBO.

A study of equation (20) leads to the followin, dot-
clusions;

1. For a constant target angle e = e thp steady state
elevatIon of the missile is also a = Co.

2. For a target whose angular 'velocity in elevation is
a constant, that is, e = nt, the elevation of the
missile is kiven by

(21) a nt -(C4K2 4'Cc}n,
C9C8 C2 C1

so that it is seen that there is a constant ve-
iob'ity lai of-

(C4K2 + C-)n

3. The stability 'of the system dopends only on the
left member of equation (20), the actual stability
,criterla being

A All of the coefficients are positive, and

£-.' A certain pair of inequalities exists between
the coefficients, of this loft menber,,

As a first ..a)roxiition, ve nel-ct tho fifth

order term in (;';0) and write the stability cri-
terion as

io afec
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I (22) ('AK 2 + Z)(rAT2 + T:' + " 2 AF2 )(+"F2 + T. F 2 + F2  AJ 2g)-

C9CClB(t72 + V J2)J >

0C9P2C i(TY 2 + TAF 2 + F2 +

4. It is theoretically possile to very A to make the
svsteni aerodynamically stable.

11. Steerinq Control about Yaw Axis- - No Integral Control. --

If the missile is desiged to be stable aut -the yaw axis,
the svstoi described in Sections 9 and 10 for pitch anply
verbatim,, Howver, to get groa'tsst maneuverability of the
M.issile, -it m be necesservi to make it have -neutral stabil'.-
itv about the yaw axis. in such a case the static coeffi-
cient of stabilitV K2 about the yaw axis becomes 0. Sub-
stituting Y,2 = 0, in equations (20), (21'), and (:22) lo3ds to
corrc-s3ondi na results for the response of a missile vthich i6
neutrally stable auout the yaw axis qiven by

(23) fvr 2p5 + ( F-2 + 1-J 2 + J2)p4 + (V.LF 2 + 'F2 + A;2 )p3 +
(a + A- 2)p2 + iap + C9 C2CpgJa c9o2ci ,

(24) a- nt- 9 C2 C- ,

(25)''tA AF2 )It4F 2  2 + 2  - 9 G2 C1'(tF, eAJ2 + 2k

'CgCCI($.F 2 + F2-+ J2

Conclusions- correspondinp to those for pitch may oe drawn.

12. Intetral Control - Fitch. The o'quations for the rev-
soonse of' the missile'to a stoerip si'n-l given in equation
(21) qhov; that there will be a steadv state consta3nt veloc-
. -, iz for . targot whose anrular vcIocitv in elevation is
cl tent. .s this is the approximate con'dition which v:ill

- -
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hold duiing the anticipated operation of the missile, an
.attempt has been made to elfmin f'3 this constant velocity
lag. Two, alternatives are possible depending, upon whether
the missile is automaticall.Ff cohtrolled

. From the ground, or

d. In the air.

If the control is from the ground, a computer may be
developed which will generate the constant velocity lag
given in (21). It may be noticed that the computer will
solve an equation which involves known constants and th.
,angular Veloc'ity of the target in elevation. Such a, com-
Putier could be made from a rate gyro whose sensitivity is
set at the 'constant value' of

K 2 + 0 04 K2 + C8,.

A second gyro for traverse com putation would 81so be needed.

If the: control is going to be generated on the ground or
in the missile, the error signal which has been used in the
orevious doscUSsions will be rolacedd by error plus integral
error control.# This would necessitate additional equipment
which would give an extra feeding channel between the error
indioator and Dneumatic Drecessor in Figure 1. This channel
would produce the integral of the error so that its equ-tion
of DerformanCe may be written as

whe rl = integr'al error control, feedb-'ck signal. The per-
formance of the oneumatic precessor is now changed from (16)
to

" "t e- Mr error control- onrte inE il '

clrcuit, it- may not be" possible to give -)ure inte.ral con -
trol but very easy to get control, approximating the desired
type, reiresented oy the e4uation

Pr = (1 rtip)

1A Inforrm i. of
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(27) b =cOF + COI V.

When the variables are eliy.innted in the equations
(i)-C6) '(with F1 = = 0) and equations '(14), (15), (26),
(27), (17) and '18), the equation for the response of the
n issile about the ,itch axis With integra-1 control becomes

(28) LtD (-,T.J 2 + J 2 )p5 (T1;2 + F2 + AJ2)-P4 +

(PyA2 T3 + Y2 + A! 2 )P3 +(GT 2 + 1)p 2 + 090201BP +C'9p~ ~~ 'POA.a2019pCAP
09020 -] = 6 9C2Oihp + 09 02c0 A0

4 A study of this equation indicates that

A. Wheft the tairget elevation remains. constant,
the steady state elevation of the missile is
also equal to that constant.

B. The constant velocity lag for a target whose
'elevation an!-ular velocity- is- constant (0. F nt)
is zero.

G. The transient res' onse of the system is changedfroq that d6.0crioad in the system, of oquati-on
(20), :but the- poarmeter A, which includes the
feedback is still available for adjusting the
stability of the system.

13. Integral Control - Yaw.. -- Again the equati6s of the
preceding Section doic'Ting res -onse of the missile about

th pitch axis w-,hen the integral error control has been added
to the servo systemn applies equ-llv well for the rsponso
about the yaw axis, provided th2 missile is stable about this
axis. If, on the other hand, it 'had neutral stability about
tho yew axis, we c~n replace F2 - 0 in equation (28) and ob-
tain an equation for the res*onse in, this case given by

(29) +(PT49 +"VAJ2 + T2YP 5 +(TAF 2 + + AJ2 )-p4 +
(MD + IF2)P 3 + Bp2 + CCcOloP 0902C0 a

.-90p1.6- 0 2 _  .- ,'

+11 c---gs m4o
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Conclusions -si"il.,r to fi) and (,), still b~old. The tran-
sient rbso~onse- is goverid by gn 'o'.uation different from,
th~ft of 3iction 10 or 12.'

14. ,A-mlifidstion of'3if-iisoidal Mot-ion. -- If' the torgot
flies a, couirse -such that Q , sln ut, or if the rado-r track-
inrz error has this form, then the steerinr, signal inp,.ut is a'
sine f~unction.- The 'b'osition ;&ngle a, b-a-sed on the equations
and assuviytlons above,_ woul~d b.- triven b-% cx P sin (Wt + 1
wihere, P is the. amplification factor; that Is the ratio of the.-
a'_'1itude of the output (k' t h ~~ iuc o h nu

eA, nd 4 is thO Dhase ia.7 oetwoen tho input- and rosponse.
The va'lued oi P, and at~e tabulated for each of the cases
considq~red- pteVi usly.

~.3teering about the, Pitch, -xis ',%To Inte -kral Control.

/ j + LCJ24 5  2

+3~ Tan till tj2 +j(~. +TA (;fC 32
2I--3--A -' +

tT~ AT)w + O9C2Opi-)

3. St, ;crinsz* about the 'Pitch nxis - Intef!,ral Contro'l.

V(1- + +(2oj

- Z3 2)&~+(9pi(

(31) -

Tar.-- Cjw., T-'( +VY+ 2)u (twi 4.. 2 )w L1 2 p~
!tiL2+F 2 . 2 )01 02~~

prh.*nd&7X, . + yC



XVII

0. Stecrin: about the Yaw Axis - Stable - .1o Intearal Control.

P - iame as A.

lY" Same as "-

D. 3tearin:;. bout the Yaw ,Lxis - 3tnble - Inte-gral Control.

- Same as pI

7. Steerinp about Yaw -Axis - ITeutral Stability - No Integral
Control.

Set Y K .0 in (30)

F., Steerinv about Yaw ,ixis - Neutral Stability - intcgral
Control.

Set K2 = 0 in :(31)

A"P. roon Is Prohibitned by Mny
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